Axion-like particles (ALPs) with lepton-flavor violating couplings can be probed in exotic muon and tau decays. The sensitivity of different experiments depends strongly on the ALP mass and its couplings to leptons and photons. For ALPs that can be resonantly produced, the sensitivity of three-body decays such as µ → 3e and τ → 3µ exceeds by many orders of magnitude that of radiative decays like µ → eγ and τ → µγ. Searches for these two types of processes are therefore highly complementary. We discuss experimental constraints on ALPs with a single dominant leptonflavor violating coupling. Allowing for one or more such couplings offers qualitatively new ways to explain the anomalies related to the magnetic moments of the muon and electron.
I. Introduction. Axion-like particles (ALPs) can be the low-energy remnants of an ultraviolet (UV) extension of the Standard Model (SM) with a spontaneously broken approximate global symmetry [1] . Being pseudo Nambu-Goldstone bosons, the couplings of ALPs to SM particles are determined by the symmetry structure of the UV theory. A discovery could thus provide important information about new physics that is otherwise out of reach of collider experiments [2] [3] [4] [5] [6] . There is no strong theoretical reason for a given SM extension to respect the SM flavor structure. Indeed, the UV theory could even be responsible for the breaking of the SM flavor symmetries, in which case the ALPs are known as flavons (or familons) [7] [8] [9] [10] . If the flavon has a coupling to gluons it could also explain the strong CP problem [11, 12] . Rare flavor-violating meson decays are some of the most powerful probes of these models [13] [14] [15] . Besides potential tree-level flavor-violating ALP couplings, even flavorconserving couplings are strongly constrained through ALP mixing with pseudoscalar mesons and loop-induced ALP couplings, which inherit the SM flavor structure [14] [15] [16] [17] . In the SM, lepton flavor-changing decays are suppressed by the neutrino mass-squared differences and predictions for Br th (µ → 3e) ∼ Br th (µ → eγ) ∼ 10 −55 [18, 19] are many orders of magnitude smaller than the experimental limits Br exp (µ → 3e) < 1.0 · 10 −12 [20] and Br exp (µ → eγ) < 4.2 · 10 −13 [21] . The future experiments MEG II and Mu3e will increase the sensitivity by up to four orders of magnitude, reaching unprecedented precision in searching for new physics [22, 23] .
In effective theories, the decays µ → eγ and µ → 3e can be induced by dipole and 4-fermion operators,
The resulting µ → 3e rate is strongly suppressed with respect to the µ → eγ rate, unless the coefficient C 2 is large enough to overcome the phase-space suppression of the three-body decay [24, 25] . For example, for |C 1 | |C 2 | one finds Br(µ → 3e) ∼ 5 · 10 −3 Br(µ → eγ). Searches for µ → eγ therefore seem to provide a universal tool to find new physics in this sector.
In this Letter we show how this expectation can break down for light new physics. Light ALPs can be produced resonantly in the two-body decay µ → ea. Thus, searches for µ → 3e provide the most sensitive probe for ALPs in the mass range 2m e < m a < m µ − m e , if ALPs predominantly decay into e + e − pairs. If ALPs decay into photons, the resonantly enhanced decay µ → ea with a → γγ also leads to a strong limit in this mass range. For very collinear photons, the finite detector resolution can result in a µ → eγ eff signal, where γ eff refers to a photon pair reconstructed as a single photon. The rate for this process dominates over the ALP-induced µ → eγ rate by many orders of magnitude. Therefore, constraints from µ → eγ are only relevant for m a > m µ . In our analysis we compute the µ → eγ * form factors at arbitrary q 2 . For the process µ → 3e we include these contributions together with the tree-level ALP exchange. In an analogous way, we further discuss the sensitivity of searches for flavor-changing τ -lepton decays induced by ALPs.
ALPs with flavor-conserving couplings to leptons have been proposed as a possible explanation for the 3.7σ deviation between the SM prediction and measurements of the anomalous magnetic moment of the muon, at the expense of introducing a very large ALP-photon coupling [5, 26, 27] . Here we show that addressing also the recently reported 2.4σ tension in the anomalous magnetic moment of the electron in the same model requires ALP couplings to electrons and muons of very different magnitude and opposite sign. We then explore new and qualitatively different solutions to both the a µ and a e anomalies by allowing for flavor off-diagonal ALP-lepton couplings. (1)
FIG. 1. Representative Feynman diagrams for ALP-induced
1 → 2a and 1 → 2γ transitions.
are described by the effective Lagrangian
where = (e, µ, τ ) T , f is the ALP decay constant, and we define the hermitian matrices k E and k e in the mass basis. The flavor-diagonal ALP couplings are given by the combinations
For the flavor off-diagonal couplings we define
Even if c γγ = 0, ALP couplings to photons are induced at one-loop order [5] and give rise to
where τ i = 4m If an ALP with lepton-flavor changing couplings to muons and electrons is light enough to be produced in muon decay, it can mediate the resonant decays µ → ea → 3e and µ → ea → eγγ via diagram (1) in Fig. 1 . In the narrow-width approximation and dropping terms of order m 2 e /m 2 µ , the corresponding decay rates are
where X = e + e − , γγ, and the relevant ALP branching fractions can be computed using the partial decay widths of the ALP into electrons and photons, given by
If only ALP couplings to leptons appear in the UV theory and the ALP-photon coupling is induced through (4), then the decay into photons is suppressed,
for m e m a m µ . For m a > m µ we compute the µ → 3e decay rate taking into account both the µ → ea * → 3e and µ → eγ * → 3e subprocesses and their interference. Since the ALP in the first subprocess is now off-shell, the corresponding amplitude is suppressed by the electron mass and is no longer dominant. The µ → eγ * amplitude can be described in terms of six q 2 -dependent form factors, which we have computed analytically from diagrams (2) and (3) in Fig. 1 . Explicit expressions will be given elsewhere [15] . Two of these form factors evaluated at q 2 = 0 determine the µ → eγ decay rate, for which we obtain (neglecting terms suppressed by m
where
where Λ = 4πf is the UV cutoff, and g 1 (x) agrees with the result of a double parameter integral derived in [28] . For simplicity, we have neglected the contributions with a τ -lepton in the loop ( i = τ ), which involve two flavorchanging parameters and are likely to be subdominant.
III. Constraints on ALPs from lepton-flavor violation. In the following we define conservative benchmark scenarios, in which the ALP-photon coupling in the UV theory vanishes (c γγ = 0). We assume universal flavordiagonal ALP couplings to leptons c i i ≡ c , a loopinduced coupling to photons and a single flavor-violating coupling c 1 2 = 0. In Fig. 2 we show the corresponding constraints on an ALP for the case of c /f = 1/TeV (left panel) and c /f = 10 −4 /TeV (right panel), and a flavor-violating coupling c eµ for a wide range of ALP masses. For very light ALPs (m a < 2m e ), the strongest constraint arises from a search for µ → e decays with missing energy by TWIST [29] . ALP decays into photons are possible in this mass range, but according to (6) the ALP decay width is strongly suppressed, leading to a long lifetime. For 2m e < m a < m µ , the constraint derived from searches by SINDRUM for µ → 3e is by far the strongest [20] , because this decay is enhanced from the ALP going on-shell in this mass range. The analogous bounds derived from a Crystal Ball search [30] for the decay µ → eγγ are less stringent, because in our scenario the ALP coupling to photons is loop-induced. The sensitivity from searches for µ → eγ is enhanced in this parameter space as well, if the photons in µ → eγγ are collinear and cannot be distinguished from a single photon γ eff in the detector. In deriving these bounds µ ! e + inv. we have taken into account the macroscopic ALP decay length, which implies that only a fraction of all decays can be reconstructed in the detector [5] . Together with the m a -dependence of the ALP lifetime governed by (6) this explains the slopes of the relevant contours in Fig. 2 (see [15] for more details). Note also that in the presence of a tree-level coupling c γγ = 0 constraints from a → γγ decays would be strengthened, whereas the bounds derived from µ → 3e decay would get weaker.
For ALP masses m a > m µ , the most important bound follows from the search for µ → eγ by MEG [21] . The right panel of Fig. 2 shows the corresponding bounds for a much smaller value of the flavor-diagonal lepton coupling c /f = 10 −4 /TeV. While the µ → e+invisible constraint remains largely unaffected, the remaining constraints get relaxed by about a factor of 10 4 compared with the left panel. In the intermediate mass range 2m e < m a < m µ , the reason is that the fraction of events reconstructed in the detector scales (approximately) with τ [5] . For heavier masses m a > m µ the ALP lifetime is irrelevant, but the µ → eγ and µ → 3e decay rates scale with (c /f ) 2 . The above discussion shows that various searches for lepton-flavor violating ALP couplings are highly complementary and cover different regions in the parameter space spanned by the ALP mass and its couplings to leptons and photons. Future searches for µ → eγ [22] and µ → 3e [23] will allow one to strengthen the derived bounds significantly.
In Fig. 3 we repeat the above analysis for leptonflavor violating ALP couplings c τ µ (left panel) and c τ e (right panel), this time considering universal couplings c /f = 1/TeV only. The plots show a similar structure as in the left panel of Fig. 2 . The strongest bounds for m a < 2m e are obtained from searches for the decays τ → µ + invisible and τ → e + invisible by ARGUS [31] . ALPs with masses in the range 2m e < m a < m τ decay resonantly into lepton pairs, and the strongest constraints follow from searches for the three-body decays τ → µee and τ → 3µ, or τ → 3e and τ → eµµ, performed by Belle [32] . For larger masses m a > m τ , BaBar searches for the radiative decays τ → µγ and τ → eγ [33] provide the only relevant constraints.
IV. ALP explanations for ∆a µ and ∆a e . The SM prediction for the anomalous magnetic moment of the muon, a µ = (g −2) µ /2, deviates from the current best measured value by 3.7σ [34, 35] . The electron anomalous magnetic moment a e shows a tension of 2.4σ [36, 37] after taking into account the recent, improved measurement of the fine-structure constant [38] . Interestingly, these deviations have opposite signs: ∆a µ = a Fig. 1 with flavor-diagonal couplings ( 1 = i = 2 = µ) has the wrong sign to explain ∆a µ , whereas the contribution from diagram (3) can have either sign. Including both terms, one finds [5, 26, 27] 
The loop functions are positive and satisfy h 1,2 (0) = 1 as well as h 1 (x) ≈ (2/x)(ln x − (9) can overcome the first one and explain ∆a µ . Here we point out that such a large coupling can be induced at one-loop order through (4), assuming non-universal ALPlepton couplings −c ee /c µµ ≈ 10 − 30 and m a > 2m e . Incidentally, an ALP coupling to electrons of this magnitude can also explain ∆a e via a formula analogous to (9) . For example, with m a = 0.5 GeV, c ee /f = 95/TeV and c µµ /f = −10/TeV, we obtain ∆a µ = 27.1·10 −10 and ∆a e = −84.5·10 −14 , both in agreement with experiment.
As an intriguing alternative, we propose that dominant flavor-violating ALP couplings allow for a novel explanation of ∆a µ and ∆a e . The reason is that the contribution of the second diagram in Fig. 1 can have opposite sign depending on whether the lepton i in the loop is lighter or heavier than the external lepton 1 = 2 . For the case of ∆a µ the diagram with the electron in the loop gives a positive contribution for m a > m µ given by (neglecting terms suppressed by m
On the other hand, the same couplings that enter the definition of c eµ in (3) lead to the contribution
which can be of either sign. In Fig. 2 we show the 95% CL regions in which ∆a µ (orange) and ∆a e (yellow) are explained in terms of these contributions. In deriving the corresponding bands we have assumed that
While constraints sensitive to c µµ are considerably weakened in the right panel, both (11) and (10) are independent of the flavor-diagonal coupling c . As a result, for m a > m µ and (very) small flavor-diagonal ALP couplings to leptons either ∆a µ or ∆a e can be explained by c eµ /f > 1/TeV. A simultaneous explanation is possible if (k E ) 12 = (k e ) 12 , as illustrated in Fig. 4 .
As a third possibility, either ∆a µ or ∆a e can be explained by invoking flavor off-diagonal ALP couplings to τ leptons, which gives rise to contributions analogous to (11) with obvious substitutions. In Fig. 3 , we show the corresponding 95% CL region in orange and yellow, respectively. This requires m a > m τ and, in the case of ∆a µ , a flavor-diagonal ALP coupling |c τ τ |/f < 0.3/TeV. Note that a simultaneous explanation of both anomalies in terms of flavor-violating ALP couplings to τ leptons is not possible, because the contribution to the µ → eγ decay arising from diagram (2) in Fig. 1 excludes this possibility. However, for small flavor-diagonal ALP couplings to leptons either ∆a µ or ∆a e can be explained by c eµ /f > 1/TeV (see above), and a contribution from c τ µ /f ∼ 1/TeV or c τ e /f ∼ 1/TeV can explain the respective other anomaly.
In this Letter we have shown that searches for lepton flavor-violating transitions provide highly complementary constraints on ALP couplings to leptons and photons. This strengthens the case for a broad program of experiments hunting for lepton flavor-violating decays. At the same time we have pointed out a possible connection between lepton flavor-violation and the observed tensions between theory and measurements of the muon and electron anomalous magnetic moments. We have discussed several ways in which ALPs with flavor nonuniversal couplings to leptons could explain these anomalies simultaneously.
